arXiv:math/0512168vl [math.GT] 8 Dec 2005 


LOCAL MOVE FORMULAE FOR 
THE ALEXANDER POLYNOMIALS OF n-KNOTS 

EIJI OGASA 


Abstract. It is well-known:Suppose there are three 1-dimensional links K+, K-, Kq 
such that Ar+, K-, and Kq coincide out of a 3-ball B trivially embedded in and that 
K+ n B, K- n B, and KQf^B are drawn as follows. Then = (^ — 1) ■ 

where is the Alexander polynomial of K. 

Figure 1 

We know similar formulae of other invariants of 1-dimensional knots and links. (The 
Jones polynomial etc.) 

It is natural to ask: Suppose there are two n-dimensional knots Ar+, AT- and a 
submanifold Kq such that K+, K- , and Kq coincide out of a n-ball B trivially embedded 
in 5'"+^. Then is there a relation in Ar+ n B, K- n B, and Kq n B with the following 
property(*)? (*)If K+, K-, and Kq satisfy this relation, an invariant of Ar+, that of 
AT-, and that of Kq satisfy a fixed relation. 

In this paper we pove there are such a relation where Ar+, Ar_, and Kq satisfy the 
formula = (^~l)’Ai^g, where Ak is a polynomial to represent the Alexander 

polynomial of AT. 

We show another relation where K+, Ar_, and Kq satisfy the formula 
ArfAr+ — ArfAr_ = {\bP 4 k +2 H I{Kq)\ + l}mod2, 

where (l)/( ) is the inertia group, and I{Kq) is the inertia group of a smooth manifold 

which is orientation preserving diffeomorphic to Kq. (2)For a group G, |G| denote the 
order of G. 

A local move formula is a relation of an invariant of a few knots related by a local 
move as above. 


1. Introduction 

It is well-known: Suppose there are three 1-dimensional links A+, A_, Kq such that 
A+, A_, and Kq coincide out of a 3-ball B trivially embedded in and that K+ fl R, 


This research was partially supported by Research Fellowships of the Promotion of Science for Young 
Scientists. Keywords: local-move, the Alexander polynomial of n-knots, the inertia group, the Arf 
invariant of n-knots 
PACS nos. 11-25W, ll-25Uv. 


1 



K_ n B, and KqC] B are drawn as follows. Then — Ak+ = {t — 1) ■ Ak^, where Ak 
is the Alexander polynomial of K. 


Figurel 

We know similar formnlae of other invariants of 1-dimensional knots and links. (The 
Jones polynomial etc. See §5 of HH. See also □ mao 

It is natnral to ask: Snppose there are two n-dimensional knots iF+, K_ and a snb- 
manifold Kq such that K^, K^, and Kq coincide out of a n-ball B trivially embedded 
in 5”^^. Then is there a relation in ft B, iF_ fl B, and Kq fl B with the following 
property(*)? (*)If iF_, and Kq satisfy this relation, an invariant of iF+, that of iF_, 
and that of Kq satisfy a hxed relation. 

In this paper we pove there are such a relation where iF_, and Kq satisfy the 
formula — A^^^ = (f — 1) ■ A/^^, where A^ is a polynomial to represent the Alexander 

polynomial of K. 

We show another relation where Kj^, K_, and Kq satisfy the formula 
ArfA:+ - ArfAT. = {\bPik +2 n I{Kq)\ + l}mod2, 

where (l)/( ) is the inertia group, and I{Kq) is the inertia group of a smooth manifold 

which is orientation preserving diffeomorphic to Kq. (2)For a group G, |G| denote the 
order of G. 

A local move formula is a relation of an invariant of a few knots related by a local move 
as above. 

HU is a preprint of this paper. 

The author proved another local move formulae in CHI CHI- 

2. Review of the Alexander polynomials for r-knots and r-links 
We review the Alexander polynomials for R-knots and R-links and R-submanifolds. See 

i lia, 1151, BDI for detail. 

We work in the smooth category. Let K = {Ki,Km) be an R-dimensional closed 
oriented submanifold of It is known any tubular neighborhood of iF is iF x D^. 

(See P.49, 50 of C31-) ^ — K x D‘^. Then any in X is oriented by using 

the orientation of and that of K. Let i : —>■ X denote the embedding. Take a 

homomorphism a : iLi(A;Z) — > Z such that a o —>■ Z carries J-l to J-l. 

Then the inhnite cyclic covering n : X —>■ X associated with a is called the cannonical 
cyclic covering of K. 

We can regard Hp{X] Z) as a Z[f, f“^]-module by using the covering translation A —>• A 
dehned by a. 

We can also regard Hp{X;Q) as a Q[f, f“^]-module. 

Module theory says that any Q[t, f“^]-module is congruent to 
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(Q[t, t“^]/Ai) © ... © (Q[t,t“^]/A;) © (©^Q[t, where A* G is not zero and A* 

is not the Q[t, t“^]-balanced class of 1 . 

Two polynomials f{t),g{t) G Q[t, are said to be Q[t, t“^]- 6 a/ance(i (written f = g) 
if there is an integer n and a nonzero rational number r such that /(f) = r ■ ■ g{t). 

Let Hp{X-,Q) be Q[f,f“^]/Ai © ... © Q[f,f“^]/Az ©^ Q[f,f“^] as above. The Q[f,f“^]-p- 
Alexander polynomial is the Q[f, f“^]-balanced class of the product Ai ■ ... ■ A; if /c = 0, 
where k is the rank of the free part. The ^\t,t~^]-p-Alexander polynomial is 0 if /c 7 ^ 0. 
If Hp{X;Q) = 0, The Q[t,t~^]-p-Alexander polynomial is 1. 

We discuss the Q[f,f“^] module case but our results can be extended to the 
module case. 

In this paper we mainly discuss the case where K is a knot although we discuss other 
cases a little. Furthermore, our results can be extended to some other cases without 
heavy difficulty. 

If K above is a connected smooth manifold which is PL homeomorphic to the standard 
sphere, K is called n-(dimensional )knot (See [B] etc). 

3. Main results 

In this section, we prove local move formulae for n-knots C (n ^ 3.) 

Let iF+, iL_ be an n-knot C (n ^ 3). Let Kq be an n submanifold C 

Let B be an (n + 2)-ball trivially embedded in 5”+^. Suppose that K+ coincides with 
K_ in — B. Note that there is a Seifert hypersurface V/ (resp. 1A_) for (resp. 
K_) such that V+ coincides with 1© in — B. Suppose that V+ H B (resp. 1© fl B) 
is a disjoint union of an (n + l)-dimensional p-handle h\ (resp. hF_) and an (n + 1 )- 
dimensional (n + 1 — p)-handle h^^~^ (resp. which are attached to dB and 

which are embedded trivially in B. Let p 7 ^ n + 1 — p. Suppose that coincides 

with . Suppose that the linking number (in B) of U {—h^y and whose 

attached part is hxed in dB' is one if an orientation is given. The concept is drawn in 
Figure 2. Let Kq be (9(h+ — IntS). [Figure 2] 

Then we say that (iF+, K_, Kq) is related by the (p, n + 1 — p)-move. 

We draw the hgure of the (1, 2)-move case (the case if p = 1 and n = 2) in Note below 
Theorem EH 

Let n = 4/c + 1 in the above case. Suppose that iF+, iF_, f + , 1© satisfy the same 
condition at — 5 as in (i). Suppose V+AB (resp. V-AB) is a (4A: + 2)-dimensional 
{2k + l)-handle (resp. h_). Supoose that the core of (resp. h_) is trivially 
embedded in B. Push off the core in the positive direction of the normal bundle of V+ 
(resp. 1©) in B. Note that we can consider the framing (in B) of (resp. h_) . 
Suppose that the framing of (resp. h_) is 0 (resp. 1) if an orientation is given. Let 
Kq be d{V^ — Inti?). (The 1-dimensional case of this relation among iF+, K_, Kq is one 
in Figure 1.) 
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Then we say that (i^+, K_, Kq) is related by the XXII-move. 

Note 3.1. One way of saying, when we make K^, Kq, we just operate in B and we do not 
need the diffeomorphism type or the hmeomorphism type of K^, Kq. In this meaning, 
we use the word ‘local’ in the above dehnition. 

Theorem 3.2. Let Kj^, K^ be n-knots C (n ^ ?>). Let Kq he n-submanifold 

C 5'"'+^. Suppose that {K^, K_, Kq) is related by the {p,n + l—p)-move. Then we have: 
~ ~ 1 ) ■ 

where is a polynomial whose balanced class is the p-Alexander polynomial for K. 

Theorem 3.3. Let K+, K_ be (4fc + l)-knots. Let Kq be a closed oriented {Ak + 1)- 
submanifold C Suppose that {Kj^, K_, Kq) is related by the XXII-move. Then we 

have: 

X^^l^^\t) - X^^’[^^\t) = it-!)■ X^^l^^\t). 

where is a polynomial whose balanced class is the p-Alexander polynomial for K. 

Note. For (4fc + 3)-knots, we can define XXII-move. However, note the following: 
Suppose iF_and Kq satisfy the XXIIrelation for a (4fc -|- 3)-knot Then Kq is not a 
knot in general. Because: there is an example such that = S'^ and iF_ = MP^. 

Theorem 3.4. Let K^, K_, Kq, B he as in Theorem VIA Let bP^k+i the bP-subgroup 
C Suppose foP 4 fc +2 is not congruent to the trivial group. Then we have 

AiiK+ - AiiK_ = {\hPik +2 n I{Kq)\ + l}mod2, 

where (1)I{ ) is the inertia group. I{Kq) is the inertia group of a smooth manifold 

which is orientation preserving diffeomorphic to Kq. 

(2)For a group G, |G| denote the order of G. 

Note. See [KM] for the 6P-subgroup. See [Kk] [BS] for the inertia group. 

Proof of Theorem 13.21 and 13.31 Let 14 be a compact oriented (n -|- l)-submanifold 
C 5'"+^ such that dI4 = P* (their orientaion are compatible). Recall 14 is called a Seifert 
hypersurface for iF*. In Theorem 13.31 we put n = 4A; -|- 1 and p = 2k + 1. 

Take A* A* as in m Let — X — X [—1, l], X [—1,1] is tliG tubulcir ncibourliooci 
of K in Consider the Meyer-Vietoris exact sequence: 

^ ^ Pp(A*;Z). 

There are 14 such that /* is represented by the following matrixes: 

P+ = {pJ},P_ = {p-},F„ = {p?,}, 

such that (1) P+ and P_ are (n-l-1) x (n-l-1) matrices. Pq is an n x n matrix. (2)pXi n+i ~ 
P~+i,n+i = t-l, (3)pJ = p-j = p%. (1 4 i 4 n, 1 4 j 4 n,). 

By calculus of determinants, detP+ ~ detP_ = {t — l)detPo. 
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Module theory says that detP* represents the p-Alexander polynomial for P*. Hence 
Theorem Id.21 and Id.dl hold. 

Proof of Theorem 13.41 By [KM], bP4^k+2 = ^ 2 - In our case, the Arf invariant of a knot 
coincides with that of a manifold diffeomorphic to the knot. (See [Brl] for more results 
on bP 4 k+ 2 - ) Put bP 4 k +2 = {1,5'}, where = 1. 

Let V be the total space of Pm^dle over associated with the tangent bundle 

of Let Vp denote a plumbing ( see [Br2] ). Then d(y Vp K) represents g G bP 4 k+ 2 - 

Put M = dV. By jni and [T], M is homotopy type equivalent to x if and only 

if fc = 0,1, 3. Hence M is not diffeomorphic to x 8“^^ in our case. 
jS] proved MjjS = M. ( Hence I{M) fl bPik +2 = -f(AfilS) fl bP 4 k +2 = ^ 2 - 
Corollary 3 of [Kk] proved 1(8^ x 8'^) = {1} for p + g A 5. 

By [Kk], 52 ^+^ X is not diffeomorphic to x 8^\ Hence I{8^^+^ x n 

&P4fc+2 = {l}- 

There are four cases. Put T = x Let = denote a diffeomorphism. 

(1) P+ ^ divy^v), K_ = a(K VpP), Ko = dv. 

(2) P+ ^ d{T Vp K), P- = d{T VpT) Po = dT. 

(3) p+ - d{{yy^vuvy^v)}, k. = d{{yyjuvy^v)}, k, - dmivy^v)}. 

(4) P+ - 5{(TVpi")^(i" v^)}, K. - a{(TVpT)^(KVpi")}, K, = d{Tyvy^v)). 
The formula in Theorem l;f.4l holds in each case by the above discussions. Hence the 
formula holds. 


4. More results in the 2-knot case 

Our main results can be extended to some other cases where (resp. K_) is not a 
knot. In this section we show more results in the case of 2-dimensional sbmanifold case. 

Theorem 4.1. Let Si,...,Sq, he connected closed oriented surfaces. Let gi be the genus 
ofTii. Put [3 = Let K+ (resp. K_) he a 2-dimensional submanifold C 5^ which 

is diffeomorphic to a disjoint ordered oriented manifold (Ei,..., Eq). Suppose a = (3 + 1. 
Let Kq be a 2-dimensional submanifold C S‘^. Suppose that (A'+, iL_, iPo) related by 
the {1,2)-move. Then we have: 

^K+{t) — AK_{f) = (f — 1) ■ AK^if). 

Note. (1) If a = 1, and K_ are S'^-knots. Then Kq is diffeomorphic to 8“^ or 
S 2 jj- 2^2 each case Theorem 1 holds. In general, if we put Hq{Kq]Q) = Q“ and 
H^Kq; Q) = Q2/5'^ then a'= (3'+ 1. 

(2) Since (iL+, iC-, Kq) is related by the (1, 2)-move, there is a 4-ball B trivially embedded 
in 8^ with the following properties. We regard B as (2-disc) x[0,1] x {f| — 1 ^ ^ 1}. 

(i) — B, K_ — B, and K_ — B coincide each other. 

(ii) B n iL+, B n K_, B fl K_ are drawn as in Figure 3. 
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In Figure 3 we draw -B.o.sHiF*, -BoHiF*, Bq^^DK^, where i?i(, = (2-disc)x[0,1] x {t\t = to}- 
We suppose that each vector a?, in Figure 3 is a tangent vector of each disc at a point. 
(Note we use (resp. if) for different vectors.) The orientation of each disc in Figure 
3 is determined by the each set {^,lf}. 

In jTHj the author calls the operation to change into (l,2)-pass-move. Around 
Figure 4.1 and 4.2 in jTH], we wrote more explanation of the hgure of i? fl and that 
of 5 n K_. 

(4) After sending these results (without Appendix) to several people, the author was 
informed Giller’s article, P.627,628 of [Gi]. Only in the n = 2 case Giller proved a result 
which is weaker than ours. See the Appendix for detail. 

[Figure 3] 

Proof of Theorem mu Since (3 = all Seifert surfaces K for iP* has a property 

that i7i(I4; Q) = 772(14; Q) and that i7o(I4; Q) = Q. 

The left of the proof is same as the proof of Theorem 13.21 

On the condition a = j3 + 1 in Theorem 14.11 we have: 


Proposition 4.2. We CANNOT remove the condition a = (3 + 1 in Theorem mu in 
general. 


Proof of Theorem ICT Let K_, 7f_|_, Kq be 2-dimensional oriented subamanifold C 
which are diffeomorphic to T^-knots. Suppose (7f_, iF_|_, Kq) is related by the (1, 2)-move. 
Suppose that 

(1) K+ bounds I/+ = 51 X B%S^ x - B^)[\{S‘^ x - B^) 

(2) K_ bounds W ^ 14 . 

(3) Ko bounds Go = X B%S^ x - B^). 

Gonsider the exact sequence as in Proof of Theorem 13.21 


We can suppose that 

(1) /+ is represented by 

(2) /_ is represented by 


3f-2 
t - 1 
3t-2 
t - 1 


0 

2t - 1 
0 

2t - 1 


(3) /o is represented by (f — 1 2f — l). 
The above exact sequences are: 


0 
0 ^ 
t'- 1 
0 


©^Z[f, t 


-n 


Z[f, t-^]/{{3t - 2)} © Z[f, t-^]/{{2t - 1)} 


(B^Z[t,t 


3t-2 0 0 

t-1 2t-l 0 
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0 - 0 

f3t-2 0 t-l\ 

[t-1 2t-l 0 j 

©^Z[t,t“^] ->• Zi[t,t~^] -i> 0 -0 

(t-1 2t - 1) 

Therefore we have: 

(1) (3t — 2)(t — 1) represents the Alexander polynomial of K^. 

(2) 1 represents the Alexander polynomial of K_. 

(3) 1 represents the Alexander polynomial of Kq. 

For the above iF_, iF+, Kq, Ak+ — Ak_ = (t — 1) ■ Ako DOES NOT hold for any set of 
polynomials Ak_, Ak+, Ako snch that Ak_ (resp. Ak+, Ak^) represents the Alexander 
polynomials of iF_ (resp. iF+, Kq). The proof is completed. 

Next we discuss “normalization” of the Alexander polynomials. Recall that, in the case 
of 1-links, we can choose a unique polynomial from the all polynomilas whose ballanced 
classes are the Alexander polynomial. (See e.g. ^T] for detail.) However, we have: 

Proposition 4.3. In the n ^ 1 case in Theorem MI ‘A we CANNOT choose a unique poly¬ 
nomial from all polynomials which represent the Alexander polynomial to he compatible 
with our local move formula. 

We can suppose that K_, Kq are trivial knots and that {K+, K_, Kq) can be 
related by the (l,2)-move. Becase: Let 1+ = x Let VA = x 

Let Vq ^ M Use these U+, U_, Ro¬ 
lf we can take a unique polynomial to represent the Alexander polynomial, then we 
can let the Alexander polynomial a ■ for iF+, and Kq, where a is a nonzero rational 
number. Hence a ■ — a ■ = {t — 1) ■ a ■ Hence 0 = {t — 1) ■ a ■ It is the 

contardiction. Hence we CANNOT choose a unique polynomial. 
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Appendix. 

We explain the fact in Theorem 14.11 41 a little more. 

Replace Figure 3 with Figure 3 in the dehnition that K_, Kq) is related by the 
(l,2)-move. Then we say that (A+,A_, Aq) is related by the ribbon-move. 

Note. In PH] the author call the operation to change A_|_ into A_ (resp. A_ into A+) 
in Figure 4, ribbon-move. 

By using Theorem 14.11 in this paper and Proposition 4.2, 4.3, 4.4 in PH), we have: If 
(A+, A_, Ao) is related by the ribbon-move, then (A+, A_, Aq) is related by the (1,2)- 
move. 

Thus we have: 

Theorem. In Theorem o we can replace the word ‘the (l,2)-move’ with ‘the ribbon- 
move. ’ 



Note. In P.627, 628 of [Gi], Giller proved a weaker case of this Theorem: [Gi] does not 
prove the case where 77+ is a sphere, K_ is a sphere, and Kq is not a sphere. It means 
that [Gi]’s formula is not a local move formula in the meaning of Note 18.11 Furthermore 
[Gi] does not prove more than one of 77+, 77_, 77o is a sphere. In the meaning of the 
following Proposition, ours are stronger than the formula in [Gi]. 

[Figure 4] 

Note. The orientation of the part of 7? fl 77o derived from B fl 77+ (resp. B fl 77+) is 
given by using B fl 77+ (resp. B fl 77+). The orientation of 7? fl 77o is compatible with 
the part of 7? fl 77o derived from B fl 77+ (resp. B fl 77+). 

It is natural to ask the following. If (77+, 77_, 77o) is related by the (l,2)-move, then 
do they compose a triple of Figure 1.1? 

The answer is negative in general by the following Proposition. 

Let 77 = (77i, 772, 773 ) and 77' = (77(, 77^, 773 ) be 2-dimensional submanifolds C 
such that 77i = 77( = S^, 772 = 77^ = S^, and K 3 = K'^ = S 2 , S 2 is the oriented closed 
surface with the genus two. 

Supoose that alk(77i,773) is one, alk(772,773) is one, where alk( ) denotes the alinking 
number (in |21jL 

Suppose that 77 is changes into 77' by one (l,2)-pass-move (see [HI)- We can suppose 
this (l,2)-pass-move let alk(77i,773) zero and let alk(772,773) zero. 

Then we prove: 

Proposition.Lef 77 and 77' be as above. 77 does not change into 77' by one ribbon-move. 
Proof. One ribbon-move cannot change alk(77i,773) and alk(772,773) together. 
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Figure 4. K+ 


15 







